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1. Introduction

@ The A\, conjecture:
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@ The DVV conjecture(which is equivalent to the Witten conjecture):
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1.1. A, Conjecture

@ The A, conjecture was first proved by Faber and Pandharipande, and their
approach was to use localization technique on the stable maps to P'. On the
other hand, Getzler and Pandharipande have showed that the )\, conjecture is
equivalent to the Virasoro conjecture for P! which was a particular case of Vi-
rasoro conjecture for curve proved by Okounkov and Pandharipande in 2003.
@ Chiu-Chu Melissa Liu, Kefeng Liu and Jian Zhou gave a new proof by taking
limits the Marifio- Vafa formula.

@ L.P. Goulden, D.M. Jackson and R.Vakil also gave a short proof via ELSV
formula.

@ Before Vakil’s proof, the author have just derived a simple proof of the A,
conjecture, using the differentiable equation arising from the Marifi-Vafa for-
mula. As a consequence, we found two supplementary identities: one is a new
closed formula of \; )\, integrals over moduli space M, ; while another identity
is the recursion formula of the A, integrals.

@ Reference: Y1 Li. Some Results of the Marino-Vafa formula, Math.Res. Lett.
13(2006), no.6, 847-864
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1.2. Witten Conjecture

g% The well-known Witten conjecture states that the intersection theory of the 1)
classes on the moduli spaces of Riemann surfaces is equivalent to the "Hermitian
matrix model” of two-dimensional gravity. All ¢)-integrals can be efficiently
computed by using the Witten conjecture, first proved by Kontsevich.

@ Y.-S. Kim and Kefeng Liu gave a simple proof of the Witten conjecture
by first proving a recursion formula (DVV) conjectured by Dijkgraaf-Verlinde-
Verlinde, and as corollary they were able to give a simple proof of the Witten
conjecture by using asymptotic analysis.

@ There are other proofs such as Mirzakhani using the Weil-Petersson vol-
ume of the moduli space M, ,,(b), M.Kazarian and S.Lando using the algebro-
geometric method.

@ Lin Chen, Kefeng Liu and I use the method of other researchers to prove
this recursion formula (DVV), therefore the Witten conjecture without using the
asymptotic analysis. Combining the coefficients derived in our note and some
approach, we can derive more recursion formulas of Hodge integrals.

@ Reference: Lin Chen, Yi Li, and Kefeng Liu. Localization, Hurwitz Num-
bers and Witten Conjecture, math.AG/0609236, preprint
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2. Gromov-Witten Invariants

2.1. Gromov-Witten Invariants

@ Let X be a projective algebraic variety (i.e., projective manifold), 7 &
Hy(X,7Z). An n-pointed stable map (C', f,py1,- - - , p,) consists of

e (' connected marked curve, f : C' — X morphism;

® p1,--- ,p, are distinct ordered smooth points of C';

e the only singularities of C' are ordinary double points, or node points;

e (C, f,p1,- - ,pn) has only finitely many automorphisms.

@ Let M, (X, 3) be the set of all equivalent class of n-pointed stable map
f:(C,p1,- -+ ,pn) — X with genus g of class 3, where the equivalence relation
is given by obvious identification: (C, f,p1, - ,pn) ~ (C', f',p}, - ,p,) if
and only if there exists a morphism ¢ : C' — C’ such that f = f" o .

@ Let M,,, denote the Deligne-Mumford moduli stack of stable curves of
genus g with n marked points. When X is smooth and 3 = 0, there is a simple

relation between two moduli space

M, (X,0) =X x M, (2.1)
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@ If X is smooth, then the expected dimension is
dimM,,(X,3) = (1 - g)(dimX — 3) — /KX +n (2.2)
B

= (1 —g)(dimX — 3) + /ﬂq(Tx) +n (2.3)

where K x 1s the canonical class.
@ X =P". We can write § = dH with H = ¢;(Opr(1)) € H*(P") (hyperplane
class). Usually, this moduli space M, ,,(P", 3) are denoted by M, ,,(P", d) and

the dimension are
dimM, (P, d) =rd+r+d+n—3—g(r —3). (2.4)

In particular, Mg o(P",d), an irreducible, normal projective variety of dimen-
sion (r + 1)d + r — 3, play an important role in mirror symmetry.(B. Lian, K.
Liu and S.T. Yau, Mirror Principle I-1V)

@ There are two natural maps

T :Mg,n(X7 6) B Xn? (Ca f7p17 e 7pn) = (f(p1)7 o 7f(pn))7(25)
9 :Mg,n(X7 5) — Mg,na (Ca f7p17 o 7pn) — Ca (26)

where C' C ('is the stable curve given by contracting the non-stable components
of C..
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@ Let X be smooth, we have

m (X, Q" — H'(Mga(X,5),Q), 2.7)

ﬂ-; : H*(MQ,H(X7 ﬁ)7@) SR *(Mg,an)' (28)
From the Poincare duality

H*(M,0(X,58),Q) — Hy o(Mgn(X,5),Q)

l l

(7

H2(3g—3+n)—26+*(ﬂg,n, Q) — H2e—*(mg7m Q)

where e = dimM, (X, 3), we have the Gysin map
o1 H* (M (X, 8),Q) — H*™ (M., Q), (2.9)
where m = (g — 1)dimX + [, wx. Define the Gromov-Witten class
Ionplar, - 0n) =ma(r] (a1 ® - Q@ ay)), (2.10)

Define the Gromov-Witten invariant

(Ignp)(ar, -, 0p) = / o, an) € Q. (2.11)
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It is easy to see that

Ignp)(ay,: 0n) = / o ® - ® o), (2.12)

Mg n(X,5)

we denote
<Oél,"' 7&n>§fﬂ = <[g,n,ﬁ>(&17”' 7an)- (213)

@ When X is not a smooth, the trouble arises in the fact that the algebraic
stack M, ,,(X, 3) may have different dimensions in different components, but
we can show that there exists a virtual fundamental class [M, (X, 3)]"" €

H*(M, (X, ), Q) with the expected dimension.
@ If X is not a smooth and n, g > 0, we can also define the Gromov-Witten

invariant (/,,, )(c, - - - , «,) which is the rational number as following
Ignp)(on, -, 0p) = / Cevi(ar) U---Uevy(an), (2.14)
[Mg.n(X,B8)]

where the evaluation map ev; are defined by

A% :Mg,n<X7ﬁ) —>X7 (Cafapla"' >pn)'—>f(pz> (215)
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@ Let X be a smooth algebraic variety, 3 € Hy(X,Z), there are two natural

maps, evaluation map ev; and fogetting map 7,,. respectively:

€v; :Mg,n(X7ﬁ) —>X7 (faC7p17°“ 7pn)'—>f(pz); (216)

Tn+1 - mg,TH—l()(y ﬁ) - Mg,n(Xy 6)7 (2.17)

where we forget the last marked point and contract unstable components. Define

the tautological section

Si :ﬂg,n(Xy 6) - Mg,n+1<Xa 6) (2.18)
(f7C7p17”' 7pn) — (f?CU]Pﬂ?ph“' 7p27"' 7pn7p;z—|—1)a (219)

where P! is attached to C' at p; and p}, p/,,, are distinct points of P! different
from the attaching point. Let w,,.; be the relative dualizing sheaf of 7, (cf,

Hartshorne, Algebraic Geometry, 214), denote
L; :== s]wn+1

be the line bundle over M, (X, 3) whose fiber over (f,C,p1, - ,pn) €

M. (X, ) is the cotangent line Ty C' at the i-th marked point p;. Let ¢; =
c1(LL;) be the first Chern class of LL;.
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2.2. Gravitational Correlator

@ Given classes 1, -+ , v, € H*(X,Q) and nonnegtive integers k; for each
1 =1,---,n, define a gravitational correlator

- H (@bkl U ev;-k(%)) : (2.20)

[Mgn(X,B)" 55

(Th (1) -+ Tho (W) ) g 1= /
consider the generating function
() Ty = ), ) )l (221
07&5€H2(X7Z)

QW\/jlfﬁw

where ¢° = e as usual. Introduce variables ¢, £ > 0,0 < a < n such

that tj = t,. The genus g gravitational Gromov-Witten potential is given by

“+00
1 a a
(N = Z " Z Bt Thar Than)g (2.22)
n=0 k

1, 7kn;a17"' ,an

where 7} , is an abbreviation for 75 (7,). The total Gromov-Witten potential is

Z(X) = exp (Z AN ) , (2.23)

9=0
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where A is a parameter. Furthermore, we define the genus g couplings

<<Tk1,al T Tknyan>> o= 8k1,a1 T 8kn,an<< >>;{7 (2.24)
where 0, , := 0/0t%,.
@ String Equation
Ifn+2g>4or(#0andn > 1, then
(T (1) Ty (Y1) 70(1) )5 (2.25)
n—1
= > (T () o (Vim1) Trim1 (V) T (i) = Ty (Y1) 5(2.26)
i=1

If X is a point and 3 = 0, then

/— ’fl---wﬁ“=2/— ey Ty 27)
Mg,n+1 =1 Mg,n

In particular, if k1 4+ - - - + k, = n — 3, then

%“%ﬁz(n_3). (2.28)

ﬂom k17”' 7kn

Gromov-Witten. ..



http://http://www.cms.zju.edu.cn

@ Dilaton Equation
If 2g — 2+ n > 0, we have

M1k (1) o (W) = (29 = 2+ 1) (T (1) * + * Thw (W) ) (2:29)

When X is a point and # = 0, we have the dilaton equation for Mg,n:

/ P s = (29 — 2+ ) / it (2.30)
Mg,n-{—l Mgﬂl

@Example

NG — ], I c P is a line, dim[ Mg, (RN
dimM (P!, d) = 2d + n — 2. Since Mg;(P!,1) = P!, the cotangent line
bundle I = T,. There are some examples:

s = [ @)= [ adm = -2
P P!
Let H = ¢1(Opi(1), then (H )511 = 1, using the dilaton equation, we have

(H,m)gh = (2% 0= 2+ 1)(H)§, = —(H)f, = —1.
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3. Hodge Integrals

3.1. Hodge Integrals

@ Let mg,n denote the Deligne-Mumford moduli stack of stable curves of
genus g with n marked points. Let 7 : M, 41 — M, be the universal curve,
and let w, be the relative dualizing sheaf. The Hodge bundle

E = mw;

is a rank g vector bundle over M, ,, whose fiber over [(C,z1,- -+, z,)] € My,
is H°(C, O¢), the complex vector space of holomorphic one forms on C'. Let
si + Mgy, — M, .1 denote the section of m which corresponds to the i-th
marked point, and let

. *
L; :=s;ws

be the line bundle over M, ,, whose fiber over [(C,z1, -+ ,x,)] € M, is the
cotangent line T); C' at the i-th marked point z;. Consider the Hodge integral

/ﬂ ¢{1 .. .¢%n)\’1“1 o )\59 (3.1)

Hodge Integrals
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where ¢, = c¢;(L;) is the first Chern class of L;, and \; = ¢;(E) is the j-th
Chern class of [E. The dimension of ngn is 3g — 3 + n, hence (3.1) is equal to
zero unless > " | ji+ > 7, ik; = 3g — 3+ n. Let

g
Ay(u) s=uf = Mud™ 4 (1) =D (DA (32)
i=0
be the Chern polynomial of the dual bundle EV of E.
3.2. Mumford’s relations
@ Let ¢;(E) := Y7 '\, then we have c_4(E) = A/ (7). Mumford’s

relations state that ¢;(E)c_¢(E) = 1 or A/ (t)AY(—t) = (—1)9t%, then \} =
Zle(—l)”lQ)\k_i)\kH where \g = 1 and A\, =0 for k > g. Letzy,--- ,x, be
the formal Chern roots of [£, the Chern character is defined by

g +o0 9 5 29
ch(E) := Z et = g+ Z Z % := cho(E) + Zchn(E).
i=1 n=1 i=1 n=1

From the above identities we have the relation between ch,,(E) and \,,:

nlchy(E) = Y (=1 '\, n<2g; chy(E)=0, n>2g. (3.3)

+j=n

RIS BSRSHREN

Introduction
Gromov-Witten. ..
Marino-Vafa. ..

A simple proof of...
A simple proof of ...

Home Page

1

Title Page
44

|
_ ]

_» |
> |
Page 15 of 43
Go Back
Full Screen

Close

il

Quit


http://http://www.cms.zju.edu.cn

3.3. Witten Conjecture/Kontsevich Theorem

@ All -integrals can be efficiently computed by using Witten conjecture,

proved by Kontsevich. For convenience, we use Witten’s notation

RS IE G4
Mgy n
The natural generating function for the v -integrals described above is

1
Fy(t) ::Sjﬁ > tr bk (Ta T F(EA) =) F YT (3.5)

n>0 " ki kn 920

@ The first system of differential equations conjectured by Witten are the KDV
equations. Let F'(t) := F(t, 1), define

9, 0
({r - 73,)) o= g (), (3.6)

then the KDV equations for F'(t) are equivalent to the set of equations for n > 1:

(2n+1){{ra7)) = <<Tn—1To>><<T§’>>+2<<Tn—173>><<73>>+%<<Tn—17§>>- (3.7)

@ We have the point Virasoro theorem L") =0, n > —1.
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+00 3 k—1 1
I'(k+m+3) h I'(k—m+3)
k mEZO F(m n %) ( ,1> +k T 9 mEZO( ) F(—m _ l) k 1

2 Introduction

+00 1 +o00 1 1 Gromov-Witten...
_ 2 _
Lo =) (b= 0m))0n1+57t0 Lo = 3 (m+3)(tn —0m1)0n+ 150 lmttoram
m=0 m=0 A simple proof of...

A simple proof of ...

where h = A\? and 9; = 0/0t;.
@ An Virasoro algebra is a sequence of differential operators {L;}*% such

Home Page

that [Ly, L;] = (k — ) Lx,;. Witten’s conjecture is the special case of the well-

Title Page

1

known Virosoro Conjecture which says that if X is a smooth projective variety,

then there is a Virasoro algebra { L; } of formal differential operator in the t*zl such >
that L;Z(X) =0forall k > —1. « |
g{? Another famous conjecture on Hodge integrals, which is not equivalent to Page 17 0f 43

Witten conjecture, is Faber conjecture. The initial step was first proved by

Go Back

C.Faber using Witten conjecture. Goulden, Jackson and Vakil have given a proof

Full Screen

of the Faber conjecture up to three points. As note by Kefeng Liu and Hao Xu

Close

(math.AG/0609367), it is very clear to have a simpler and direct explanation.

il

Quit


http://http://www.cms.zju.edu.cn

@ If X is a point, then the following notation

1
Z := Z(X) = exp an—lyﬁ o ot te (T T |, (38)

gZO n=0 : kla"'akn
where

(Thy *+ Thalg = / Y-, (3.9)
Mgn

is coincided with X"V, \2 = p.

@ Let F/; and I be vector bundles on M, and let pr; and pr, be the projection
from M x M onto the first and second factor M respectively.We define the
external tensor product of /; and F as following

FE1X Ey := priE) @ praks. (3.10)

@ If X is smooth, from the isomorphism M, ,(X,0) = X x M, ,, the virtual
fundamental class in K -group is given by

(Mo (X,0)]" = e(Tx REY) N [X x M, (3.11)

where e(Tx X EVY) is the top Chern class of Tx K E".
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Let {~,} be a basis of H*(X,Q), then
i 0a) o = [ gl
[Mn(X,0)]¥

:/ Yo - YLl U e(Tx REY).
XXMy

Hodge Integrals

@ X 1s a curve. T'x 1s a line bundle, and

g

g
D (1+a(Tx))eg—i(BY), e(TxREY) =) c1(Tx)'cgi(E).
1=0 1=0

C(TX X Ev)

Since ¢ (Tx)" = 0,7 > 1. we have

e(Tx XEY) = (=1)92, + (=1)9 ter (Tx) A1 (3.12)
gé? X 1is a surface.
e(Tx XEY) = —e1(X) A g1 + c1(X)*A )2 (3.13)
@ X 1is a threefold.
—1)9
(@ 0E) = () XX, G
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@ X 1S a curve.

(71 C1a) -+ (= (=11 ( [ .%’;n)\g) [ -
Mg X
+ (_l)g_l (/_ 77D11€1 e wrlj,n)‘g—1> / Yai *** Va,C1 (TX) Hodge Integrals
Mgn X

@ X 1s a surface.
<Tk1 (,yal) T Tkn (,yan)>;f0 -

(.

<Tk1 Yar) T (Yo V0

(/ Yy "Ag1)/X%l"'%n[C:%(TX)—Cz(TX)Cl(TX)]

(/ Pt YR Ag Ay 1>/X7a1°"%n01(TX)
/ Yt A A 2>/X%1“-%n61(TX)2

@ X 1s a threefold.
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4. Marino-Vafa Formula

4.1. Geometric side of Marino-Vafa Formula

@ A partition of a positive integer d is a sequence of integers 11 > fip > -+ -+ >
M) > 0 such that puy + - - - + () = d = || For every partition 1, define

U(p) —1
\/__1|N|+l(ﬂ) o i (M'T‘|‘a)
C, (1) = — (1 + 1)W1 a=1ENy (4.1)
)= =gy T L T
/ Ay(DA (=7 = 1)AJ(7)
My TLAA - pah)
Cu(N;T) = Z)\2g_2+l(“)cg,u(7'). (4.2)
9>0
We introduce formal variables p = (pi,p2,---,pn, --) and define p, =
Py ** * Py, for a partition . Define generating functions
C(A\;7m,p) = Z Cu(X;T)py (4.3)

|k|=0
C(NT,p)° = efNm) (4.4)

Marino-Vafa. ..
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4.2. Representation side of Marino-Vafa Formula

@ For a partition p, let m;(n) = [{jlp; = 4,1 < j < l(w)}|. The auto-
morphism group Aut(u) of p consists of possible permutations among the ;’s,
hence its order is given by |[Aut(u)| = [, mi(w)!, define the numbers

L)
Ry = Zﬂi(ﬂi—2i+1)a By, = Hmj(u)!jmj(“), h(z) := M¢+M;—i—j+1~
i=1 J

where 1/ is the conjugate of partition p. Each partition i of d corresponds to
a conjugacy class C(u) of the symmetric group S; and each partition v corre-
sponds to an irreducible representation R, of Sy, let x,(C(n)) = xg, (C(w))
be the value of the character y r, on the conjugacy class C'(x). Denote

SR pi—i /2
[Mi — My +J— 7’] v=—i+14
Wy(q) = - i , . (4.5)
' 1§i<]1_'£l(u) 7 — 1] g v — i+ ()]
C v C —1(7 K
R()\’ 7-7 p) — Z weﬁ( +1/2) V)\/QWV(Q)pM (46)
0 2

where [2] := ¢*/2 — "/ and ¢ := eV,

Introduction
Gromov-Witten...
Hodge Integrals

A simple proof of...
A simple proof of ...

Home Page

Title Page

1

44«

|
_ ]

d g
| 2
Page 22 of 43
Go Back
Full Screen

Close

1l

Quit


http://http://www.cms.zju.edu.cn

4.3. Marino-Vafa Formula

@ 2003, Chiu-chu Melissa Liu, Kefeng Liu and Jian Zhou (Liu-Liu-Zhou. A
proof of a conjecture of Marifio-Vafa on Hodge Integrals, J. Differential Geom.
65 (2003), 289-340.) have proved the following formula which was conjectured
by Marifio and Vafa.

C(N7,p)* = RN 7,p)° (4.7)

In physics, the left-hand side comes from 2D quantum gravity and the right-hand
side comes from 2D Yang-Mills theory. One can in principle compute almost
Hodge integrals, except the ones(Wen-Xuan Lu, Science in China Ser. A Math.,
2005, 35(11): 1276-1287.).

@ The Marifio-Vafa formula can be generalized to two partition, three-partition
and so on. For two-partition, the relative formula is

SRR ) — R (\p p ;T (4.8)

where pt = (pli, pét, ---) are formal variables. The generating function
R*(X\;p™,p~;7) is a combinational expression involving the representation the-
ory of Kac-Moody Lie algebras. It is related to the HOMFLY polynomial of the
Hopf link and the Chern-Simon theory.
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S. A simple proof of the A\, Conjecture

Introduce the notation (B; is the Bernoulli numbers)

b, — 2271 —1 |B2g|
T 21 (29)

g>0; by=1. (5.1)

5.1. The simplest case: n=1.

Liu-Liu-Zhou (Maririo-Vafa formula and Hodge integral identities, J. Algebraic
Geom. 15 (2006), 379-398.) have showed the following consequences:
@ Given a simple proofs of the A\, conjecture:

2 -3
/ wlfl...wfbn)\g: ( g+n >bg (5.2)
M, ki, -, kn
@ Recompute the following closed formula for Hodge integrals:
1 | Bag—2| | Bag|
Mooy 1A\, = J J 5.3
/mg,o 9T T (29— 2)121g — 2 2g &)

2g—1

Ay 11 (201 — 1)!(2g2 — 1)!
T by by,
/Mg,l 1 —1 02 i 2 2 (29 —1)! e

1=1 91+92=9,91,92>0

A simple proof of...
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@ We follow Liu-Liu-Zhou’s method to derive some new Hodge integral iden-
tities (where 1 < m < 2g — 3 and g > 2):

(29— 2 — m)l(~1)%3m /_ Agchag 2 m(E)™

g,1
(=1)29° 1k 729 — 1\ (29— 1—k B
29— 1—k\ k 29—1—m) 271"
min(2g,—1,m—1)

1 (—1)2271F 1290 — 1\ (29 — 1 — Kk
- by, b By,
T3 2 nbo D 29—1—k \ & 2g—1—m) 7"

91+92:9791792>0 k=0

-1

3

I
o
<

w
Il

0

A simple proof of...

5.2. A new Closed Formula for Hodge integral

@ As a consequence, we find a new Hodge integral identity: If g > 2, then

1
/ M % = —[9(29 — 3)by + bib,_1] (5.4)
M, 12

5.3. Another Simple Proof of A\, Conjecture

@ Let |u| = d,l(x) = n, denote by [C,,.(7)]x the coefficient of 7% in the
polynomial C, ,(7), and let
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I () == v=1"""e, (r) (5.5)

Jeu(r) = V=TT Zh (M) + > B)C1u(7)

veJ(p veC(p)
+ Z L', v*)Cy 1 (T)Chn2(T) | - (5.6)
grt+ga=g.v'w?eC(p)
The set J(u) consists of partitions of d of the form

~ ~ i + L
= (W1, s His s B Hauys i+ 1), Ti(v) = =—2myg, (v)
T+

and the set C'(11) consists of partitions of d of the form

v= (1, B M) 5y F)

where j + k = p;. Liu-Liu-Zhou (Liu-Liu-Zhou. A proof of a conjecture of
Marinio-Vafa on Hodge Integrals, J. Differential Geom. 65 (2003), 289-340.)
have proved the following differential equation:

d
T Jgulm) = —Jgu(7)- (5.7)

A simple proof of...



http://http://www.cms.zju.edu.cn

g% It is straightforward to check that

d—i—n
Con(My = |Aut |/ I ) Y 9 — pithi)’

d+n 1
> u - Tl ==t
]_ A_ t Y
ved(u | u | Myn_1 H ,uﬂvbz)
n—2 A simple proof of...
Z 12 g 1 1/ — Z IS(Vla 1/2)691,,/1 (T)ng,y2 (T)
veC(p n—2 g1+g2=g,v*Ur2eC () n—2

hence, we have the identity

n—1 V)
|AUlt ) / Hz 1 Nz@bz VZ |AUt(V | / =T H Vz%)
(5.8)

@ Theorem: For any partition p : g > g > -+ > pu, > 0of dand g > 0,
then

2g+n—3 Zg—l_n_g
/ Hz 1 :uzwl)_dg b :/ gHw _(k17°”7kn)bg’
(5.9)
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S.4. A Recursion Formula of the \,_; Integral

@ Ezra Getzler, A.Okounkov and R.Pandharipande have derived explicit for-
mula for the multipoint series of P! in degree 0 from the Toda hierarchy, then

they obtained certain formulas for the Hodge integrals fﬂ )\g_1¢71ﬁ ceqhn,
c 0 ) e & . o Introduction
In this section we give an effective recursion formula of the \,_; integrals Gromov-Witten. .

) D 5 . A ) Hodae Intearal
using Marifio-Vafa formula. Now, we can state our main theorem in this section. e

@ Theorem: For any partition ; with [(i1) = n, we have the following recur-

A simple proof of ...
sion formula

n pi—l
n ILLZ Home Page
__ 0 ] e
‘Aut(,u” [n R ; ; ] / HZ 1 1 R ,uzwz) Title Page |
. / Ag-1+ Zkzo k(-1 )k 1Chk‘<E))‘g “« | »
\Aut )| ie1 (1 — pithi) <o

— L n — S 1 S Ag Page 28 of 43
=2 At () [ “ZZ ]/H (1= vit)

=

VEJ =1 a=1 Go Back |

SRR\ Z Il( ) 9_1 + Zk>0 k'(— )k_IChk(E)Ag Full Screen |
eJ(u |AU't(V)‘ Mgy Hz 1 ( Vzwz)

v Close |

sl Aga.
b Z Z |Aut(y1 HAut N T 1— vi;) / My Lia (U= 2

91+92=9,91,92=0 v1Uv2eC (1 Mgim

%
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@ In this subsection, we re-derive the A -integral from the theorem. Let p; =
Nz; forsome N € Nand z; € R, from Kim-Liu’s (Y.-S. Kim, K. Liu. A simple
proof of Witten conjecture through localization, math.AG/0508384.) method
and consider the coefficients of In/N N29t"=2then

n(x1_|_...—|—xn)Hxé€l/_ )\glekl
I=1 =1

Mgn A simple proof of ..
1 ¢ Y .
i=1 j#i 11,3 M1 14,3
T+ (e [ /_ A Tk,
I=1 Mgn 21
1.e.
n n 1 n
(n—].) Hx;ﬂl /_ )\g lekl — 5 Z Z(xl—i_xj)kri_kj H x??l /_ )\gwki—f—kj—l H
=1 Mgn 121 i=1 j£i 1445 gn—1 I#i,j

After introducing the formal variables s; € R and applying the Laplace trans-
formation

400
/ aFe % dy = k1(2s)FH, s> 0,
0
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we select the coefficient of [];-,(2s;)"*! from the transformation, then we de-
rive

(n_l)/m

9,

- (ki + k)
)\gH%kl_ ZZ ka' /ﬂ Attt T i
i =1 i=1 j#i gm= l#i,5 s 10)
(5.

By the induction of n, we obtain the A, conjecture

20+n —3
/_AH¢:(9 k)bg,

in fact, in (5.10) we have

(ki + k;) (29 +n—4)!
RHS = - by
S i
= — 95
H#Zzgm— ek

note that k; + - - - + k,, = 2g + n — 3, therefore

%ZZU‘” T kj) = 2(n —1)(2g+n — 3).

A simple proof of...
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@ We have found the singular part 7, 4! £ in above theorem, using the P

following theorem, we can eliminate this part and derive the recursion formula

of \,_i-integral. The notation [F'],;,, means the singular part of F.

First, we have
Introduction

Gromov-Witten. ..

= - n _1
LH S K i Hodge Integrals
S = n —d, Marifio-Vafa. ..
1 b —1 A simple proof of...
[ RHS ] 1 & ~— ' 1
T | = 52 2 ) [ DD T t) Y
L 94 sing i=1 j#i I#£i,j a=1 a=1 Home Page |
n o pi—1 n pitpi—1 :
553 3TE 3 o SEE |
p i1 j;«é; a:uj:Ll @ | >
Theorem Under the above notation, we have I
RHS B LHS 2 1 d Page 31 of 43 |
d29+n—4bg sing R m sing + (n o ) : Go Back |
Full Screen |
g% Let R*[pq, - -+, 1] be the space of all homogeneous polynomials with real
coefficients in g, - - - , i, of degree k, then it is the subring of R{uq, -, pin]-
Quit |

From the theorem , we obtain the recursion formula of \,_; Hodge integral.
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Theorem: For any partition p with [(p) = n and |u| = d, we have the recursion

formula
n )\9—1
|AUt | My iz (1 — Ni¢i)
EJ AU_t | / Mgn-1 H yﬂb@)
I3V, V) S0 3 Dot 3
B > It ey b
1 2 1 2 919¢5
g1t+92=g,v'U?2eC(p |AUt(V )HAUt(V )|
under the nng R?g—Q—l—n[Ml’ o 7“71]’ where Z(Vz) =MN; and |I/z| =S dz fori: = 1, 2.

@ When we consider the simplest case n = 1, the above identity become the

formula used in [Liu-Liu-Zhou].

5.5. Some Examples of The Main Theorem

1
A A2 Azt =
/MM 362880

1
A = —
/m3,1 HE 60480

41
A3y =
/ﬂm 145120

A simple proof of...
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6. A simple proof of the Witten Conjecture

6.1. Localization and The Hurwitz Numbers

For any nonnegative integer m, let
P'[m] = Py UPy U - UP,,
(1)

) is glued to P, | at p;” for each

a fixed point on IP’%m).

be a chain of m + 1 copies P!, where IP)%Z
(0 <1 <m—1). Suppose pi* # pgm_l)
Let u be a partition of d > 0 and M, (P!, i), the virtual dimension r = 2g —
2 + d + I(u), be the moduli space of relative stable morphism to P!. That is,

M, o(PL, 11) is the moduli space of morphisms
f1(Coane o) — ('ml,py™)

satisfying some relative stable conditions. The C*-action on P*: ¢ - [20, 2!] =
[t2°, 2'] induces an action on M, (P!, 1) and Sym"P! = P". The two fixed
points are ¢" = [0, 1] and ¢* = [1, 0]. Under this action, the branching morphism
Br : M, o(P!, i) — P is C*-equivariant. The C* fixed points in P" are given
by

pi=(r—i)q +ig' =[i,d—4,0,---,0, 0<i<r

RIS BSRSHREN
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Let H be the first Chern class of Opr(1), then the equivariant cohomology group
of P" is

Z[H, ul
I (H — iu)’

H (P Z) = H|,, = iu € H3.(P"; 7).

Define the Hurwitz numbers

r

Hy = / Br*H" = / Br*(H(H — wyu)) (6.1) A simple proof of...
[Mg,o(PL,p)]virt [Mi,o(PPL,pa)]virt k=1

with H € H?(P"; Z) the hyperplane class and for any wy;, € Z (1 < k < 7).
Let F; = M, o(PY, )& N Br(p;), then M, o(P*, 1) = LI} _, Fy. Denote

7* L3
gk (Fvine €C* (Nvirt)’

then from the virtual localization formula we have

H,, = Z/ Bri(Il_, (H — w))|x, Z/ I0_ (H |Be(r,) — win)
H F virt e(C* (NVII‘t F virt e(c* NVll“t)

= ZZ(IC — wl)INk

k=0 [=1
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Taking
(101’... ,1Ur) — (172’... 7r)
and
(w17°'° 7w7“) - (072a 7T)7
we get
(=1)rl) , = Hyp = (=1)""H(r — 1)},

respectively, this relation is equivalent to: ELSV formula and cut-and-join equa-
tion:

rl 7(1)
H, , = 6.2
|Aut<ﬂ>|ZH / St TN — pot) ©2

Z Il gl/'l' Z I2 g 1v (63)

ved(u veC(u

r—1
L' vHH, 1 H, .
= Z Z (2g1_2_|_|yl|_|_l(yl)) 3V, v7) Hy, 1 Hy, 12

91+92=9 v1uv2eC(u

A simple proof of...
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Define the formal power series

)\29—2+|u|+l( 14)

-2 L g Y

no 920

then we have the following version of cut-and-join equation

0¢ _ 1 0> . 0900 o0
a - 5 Z ( ]pz-l-]a (9 + Z]pz+]a (9 (Z —l-j)pipjw) . (6.5

ij>1
At last, we define
Don(z,p) =) Y —puz , (6.6)
d>1 pkd,l(o)=n

by simple calculation, we can rewrite above formula in the following form

1 n
@g,n(z;p) - ﬁ Z (_1)k<7_b1 e Tbn)‘k>g H ¢bi(z;p)7 (67)
=1

by, b, >0,0<k<g

where

Bi(zp) = Y P, 20, (6.8)

A simple proof of...
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6.2. Symmetrization Operator and Rooted Series

In this section, we use the method in [Goulden-Jackson-Vakil(GJV)] to prove
the recursion formula which implies the Witten conjecture/Kontsevich theo-
rem. Their method consists of the following steps: (1) introduce three oper-
ators to change the variables; (2) compare the leading coefficient of both sides
to derive the recursion formula which implies the Witten conjecture. Kim-Liu
have proved the Witten conjecture via the asymptotic analysis which writes each
i = x;IN for some z; € R and N € N. The main problem arising in Kim-Liu

is the asymptotic expansion of series

+k+1 g+I+1 L +k+1 -1
pr q? - j q?

¢’ Z plqg!

pt+q=n ptrq=n

plq!

for any £, [ € N which are not easy to compute. The idea here is that by using the
method in [GJV], we can avoid these problems to derive the recursion formula.

First, we symmetrize @, ,(z, p) by using the linear symmetrization operator 0,

Dn(pa'Z'a') - 5l(a),n Z xgél) - 'xgzn)’ (6.9)

o€ES,

where 5" is the n-order symmetric group.
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It is easy to prove that forn,g > 1 orn > 3,9 > 0 we have

On(Pg,n(2,p))(T1,- -+ Tn) = % > DMmy o made ) ] dnlzaw)]

b1, ,0,>0,0<k<g ces, i=1
(6.10)
where :
mm—i—z
bi(z) =z 1) =) —ra™. (6.11)
m>1 :

the rooted tree series w(x) is defined by

m—1

wil), = Z 1 RSN ) = ( % ) w(z) = Vlw(z) (6.12)

x_
m! dx
m>1

with V, = x%. The rooted tree series is the unique formal power series solu-

tion of the functional equation

w(z) = ze®@. (6.13)

Let y(z) := 1—5;(55) and y; = y(x;), we consider change of variables using the

operator

S =0, Uall, (21,0 70) — fly, 0, un)-
(6.14)
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one can show that

L 2k +3—
f(5,9) = —(2i—4)! +; i 1,k)] L 2<j<itli> L
(6.16)
For ¢ = 1, 2, it turns to the explicit expression
i—1 :
2k + ! 21+ 1!
FLA) = (2i—), F2.0) = —(@i—2)n [14 S 2D @i+ D
p (2k)N 3
(6.17)
6.3. Proof of the DVV Conjecture
Fori,7 > 0,14+ 7 <mn,let ﬁ be the mapping, applied to a series in x1, - - - , T,
0]
given by
Of(z1,-yan) = ) flar,os,27), (6.18)
! R.S.T
where the summation is over all ordered partitions (R,S,7) of {1,--- ,n},
where R = {z,, -+, 2}, S = {xs, -+ ,25,}, T = {24}, -+ , 74, , ,} and

(xRaxSJxT) — (377«1,"‘ y Ly Lgyy e 7$Sj7xt17”' ,Cl?tn_i_j),

A simple proof of...
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The following result gives an expression for the result of applying the sym-

RIS BSRSHREN

metrization operator 0J,, to the cut-and-join equation for ®,,(z,p). Denote

Ay = (yj2 — yj)V,,. Applying the symmetrization operator O, to the join-cut

Equation, one can easily prove the following version of join-and-cut equation

Introduction

n Gromov-Witten. ..
Z(w _ 1)vyl +n+ 29 — 9 LDn(I)g,n(yla 500 7yn) = Tll -+ T2/ + Té -+ Ti, Hodge Integrals
i=1 Marino-Vafa. ..

A simple proof of...
&)
where

Home Page

1"
Tll - 5 Z (AyiﬁynHLDn%—l@g—l,n—i—l<y17 T 7yn+1)) |yn+1:yi’
1=1

Yo — 1
TQ’ - ﬁy% 2 AylLDN—lq)g,n—l(yla Yz, 7yn)7 «
LIy — Yo
- <]
Té - Z ﬁ <Ay1LDkq)0,k:(3/1, T »yk)) (AylLDn—k—l—lq)g,n—k—i-l(ylayk—l—la T 7yn))7

1

Title Page
44

» |
L

k=3 1k—1 Page 40 of 43 |

Téi — % Z ﬁ Go Back |
ISI‘CSH 1’]{_1 Full Screen

1<a<g—1 |

(AylLDkq)a,k(yla o 7y]€)) <Ay1LD”—k+1@g—a,n—k+1(y1, Yktly - 7yn)> ) Close |

Quit |

First we have the following expansion formula
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L (H ¢bi(xa(i))> = [ (@b = D2 + lower terms. (6.20)
1=1

i=1
From this point, we see that the polynomial L0, H(yy,- - - ,¥,) can be written
as
n
LO,®g (Y1, s yn) = Z (7o, - b6 H D2t 1t
bi++-+b,=3g—3+n i=1

where 1.t. means lower order terms. We write the left hand side of equation
(6.19) by LHS while another side by RH.S, RHS2, RHS3 and RH S, by sim-
ply calculating, we find (where S = {by, -+ ,b,})

LHS = (2by + 1)!1(2by — D1+ (2b, — )7, - - - 7.)g
1 n
RHS, = > (2a+ 120+ D] [(2b — 1) ramsms, - - 7, )91

a+b=b1—2 =2
n

RHS, = ) (2(b1+b — 1)+ 1)1(2by — 1)1 -+ (2b_g — 1)11(2by4q — )11 - -

=2
(Oby4t—108; * * = O Oty ** " O, ) g

RIS BSRSHREN
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Finally, multiplying the constant (2by + 1) ---(2b, + 1), we obtain the recur-
sion formula as conjectured by Dijkgraaf-Verlinde-Verlinde which implies the

Witten conjecture

n n n n
~ ~ - - 1 — -
Fo [[Fo)e = D@+ DFoin [] Fude + B PG | P
1=2 =2 k=2 k£l a-+b=b;—2 1=2
1 e
O S SERNCY | LAY | R
XUY ={by, b} a+b=b1—2,91+g2=g aeX BeY

where 73, = [(2b; + 1)!!] 7y,

Considering the "minimum degree” of (6.19), Goulden, Jackson and Vakil
gave a short proof of the A, conjecture without using the Gromov-Witten theory.
@ Maybe the degree 0 Virasoro conjecture for surfaces or Faber conjecture can
be proved through this method (Working in progress with Lin Chen, Y.S. Kim,
C.-C. Liu, Kefeng Liu and Hao Xu):

(29 +n —3)!(2g — D!

k1 k e
“ e n>\ )\ e )\ )\ o
/Mg,n% V" AgAg—1 <29_1)!(2k1_1)”'”(2]6"_1)”//\/1971% gAg—1

where
1 | B 29 |

SN N = .
//\/l Vi A 229-1(2g — 1)I! 2g

g,1
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Thank You Very Much!
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